PROBLEM SET 16 SOLUTIONS

by Michael Allen

(1) Check that (1,1,0), (0,1,1), and (1,0, 1) form a basis for R®. Transform this basis into

an orthonormal basis using the Gram-Schmidt algorithm. Check that the resulting
vectors are indeed orthogonal!

Answer: The three vectors will form a basis for R? iff they are linearly indepen-
dent. To determine this, we can simply place them into the columns of a matrix, and
reduce it to find the pivots.

0 1
1 -1
0 2

Since there are three pivots, the vectors are linearly independent and form a basis
for R3.
Now, we can use Gram-Schmidt to find an orthogonal basis:
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And then normalize:
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(2) Check that the vectors (1,0,0,0), (1,1,0,0), (1,1,1,0) and (1,1, 1,1) form a basis of

R*. Use the Gram-Schmidt algorithm to make this into an orthonormal basis.
Answer: As in the last problem, we can determine if the vectors form a basis by
putting the vectors into the columns of a matrix and counting the pivots.

111 1 1000
01 1 1 0100
0011l 10010
000 1 000 1

There are four pivots, so everything is okay. Now, we use Gram-Schmidt on them
(or just do it by inspection), and we find that the orthonormal basis is:

o O O
OO = O
O = OO
_— o O O

Counsider the orthonormal vectors

V1 =

S-S5
=
i
Sl

in R3. Find some other vector

such that vy, vs, and b are a basis of R?. Then use the Gram-Schmidt algorithm to
make your basis into an orthogonal one.

Answer: As long as we choose a vector which is linearly independent of the two
given, we will have a valid basis, so there are many possible answers. So, let us choose
b=(1,0,0).

Then, when we perform Gram-Schmidt on the basis, we will get the following:

1 0 0
0 1 0
0 0 1

Check that the matrix

| cos(f) —sin(8)
@= { sin(f)  cos(0)

is an orthogonal matrix by checking that Q- QT = I. Also, check that [|Q - v|| = ||[v]|
for the vector v = { ? } .

Answer:
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Q-QT={

cosf —sinf cos@ siné
sinf cos@ —sinf cos®

_ { cos? 6 + sin? 0 COSQSiH@—COSQSin9:| _ { 1 O] 7

cosfsin@ — cos O sin cos? 6 + sin® 6 0 1
1Q vl = | cost) —sind 2 1= 2cosf) —sind H
o sinfl cos® 1 o 2sinf + cosf

= V/5sin?0 + 5cos?f =5 = V2 1 12 = l|lv]]
(5) We have the following theorem.

Theorem 1. If {vy,...,v,} is an orthonormal basis for R™, then for any v € R™,
we can write

V= ClU] + -+ CpUp,
where ¢; = v -v; (1 <i <n), where - is the dot product.

(a) Use this theorem to write the vector (3,2) as linear combinations of the vectors

1 1
5] 1]
V2 V2
Answer:
1
{?}.[3]21
vl L2 2
1
31132
il Lzl V2
1 -1
EREAEE A
I =9
V217 21 vz
(b) Use this theorem to write (1,2, —1) in terms of the basis
1 1 1
1], 1] & |o
1 0 0

Answer: Since the basis is not orthonormal, the theorem does not apply to this
problem, and we are stuck.
(6) Consider the two bases of R?,

1 0 0
B= of, [1] & |0 ,
0 0 1
and o L L
1 1 1
B= 1, [1| & |0
1 0 0
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The change of basis matrix MF is

B
MB:

—_ ==
O = =
O O -

Compute M g .
Answer: ME is just the inverse of M g

0 0 1
0 1 -1
1 -1 0
(7) Now consider the two bases
) 1 1 1
B = 11, 1 & 0
1 0 0
and
) 2 -1 0
B= 11, 2| & | -1
0 -1 2
Compute the matrices M g and M g .
Answer:
- 2 -1 0 0 0 1
ME=BB'=|-1 2 -1 0 1 —-1|=
0o -1 2 1 -1 0
) 116 86
B B-1
Mg =Mz" = 1 5 6 3
3 21



