PROBLEM SET 6. DUE WEDNESDAY, 13 SEPTEMBER

Reading. Quick Calculus, pp. 151-157; 171-190.
Supplementary reading. Simmons, Chapter 6.

(1) Compute the following integrals by substitution.
(a) J(1+ )% do
Substitutingu =141 =1+27", du=—2"%

1,1
/(1+;)2;d1‘:—/u2du

(b) [tan(z) de = [ SIn()

cos(x)
Substituting u = cos(z), du = —sin(z) du:

/ tan(z) do = /ir;(éi dz
d_u

U
= —lnhu+C

= —lIncos(z)+C

(c) [cos(x)cos(sin(z)) dx
Substituting u = sin(z), du = cos(x) dx:

/cos(a:) cos(sin(x)) dr = /Cos(u) du
= sin(u) +C
= sin(sin(z)) + C

(2) Compute the following two trigonometric integrals.

(a) Remember that sin’(z) = 1 — 1 cos(2z). Use this to compute

/ sin®(z) du.

1
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/Sin2($) o — /(%—%cosm))

1 1
= — — — 2
/2 dx /2 cos(2x) dx

1
= g — Zsin(Qx) +C

(b) Now use the fact that cos?(z) = 1 — sin’(x) to compute

/COS2(:B) dz.

/ cos’(z) do = / 1 —sin?(x) dx

= / dx—/sinz(x) dx

r 1

= x—g—é—lsin(Qx)%—C
1
= g ~1 sin(2z) + C

(3) Use right-hand Riemann sums (in this case, the same as upper Riemann

sums) to show that the area under the graph of y = 2 from z =0 to x = b
is %.
We divide the interval [0,b] into n intervals, with endpoints 0, %, %, . %b = b.

For i between 1 and n, the i'th rectangle has width %, and height (%)3 Therefore,
the total area under the n rectangles is:

A, = Zé.(@)fﬂ

—'n, 'n
=1
4 n
_ b 3
= — ?
nA
=1
ot 3 2
= —(+5+-)

Taking the limit as n tends to infinity, the %3 and %2 terms vanish, as they are

dominated by the n* in the denominator, and we are left with %.

(4) Each of the following functions has one arch above the z-axis. Find the
area of the region under that arch.
(a) f(z) =9—a?

The limits of integration are 3 and —3 (see figure). Therefore, the area is:
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(b) f(z)=2—92
The limits of integration are —3 and 0 (see figure). Therefore, the area is:

=~

0
/3(:1:3 —9z) dr = xz - §x2]03

81 81
=0y
81
4

(c) flz) =dx -2’

The limits of integration are 0 and 2 (see figure). Therefore, the area is:

2 2t
/O(4x—x3) de = 2x _Z]O
= (8—4)-0
= 4
flx)=9—2? flx) =239z f(z) =4z — 23

(5) Evaluate the following definite integrals using the Fundamental Theorem
of Calculus. (This is their algebraic area.)

(a) [Z"sin(x) dx

/027T sin(z) dr = — cos(z)]3"
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(b) ffg x* + 22% — 5a? — 6z dx

2 5 4
5
2t 4+ 223 — 522 —62) do = m——f—gc———:cg—?mr;Qz
5 2 3 3
-3
3

32 40 243 81

53 5 1
—17.3833

Q

(c) Jy? cos(x) dx

3T

/02 cos(z) dx = sin(z)]?

(6) Compute the geometric area of the following functions on the correspond-
ing intervals. These are the same functions and intervals as in the previous
problem. Note the difference between geometric and algebraic area!

In all cases, we take the area above the x-axis, and subtract the area below it.
(a) f(x)=sin(z) on [0, 27]

A= /07T sin(x) dx —/ 7Tsin(x) dv = —cos(x)]] — (—cos(x))]x*"
= (0=-(=1) = (=1-0)

= 2
(b) f(x) =2* +22° — 522 — 62 = x(x — 2)(x + 1)(x + 3) on [—3, 2]

A:—/_:f(x) da:—/jf(x) da:+/02f(a:) da

In this case, we can save work by taking the negative of the algebraic area
(computed in the previous problem), and readding twice the piece between -1
and 0, whose area is:
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0 5 4 5
2t 4+ 223 — 522 — 62) dr = x—+$———x3—3$20
1

1 5 2 3 -
1 1 5
— 00— (——4+-4+2_3
( 5 + 2 3 )
~ .6333
Therefore, the total area is approximately 18.65.
(¢) f(z) = cos(z) on [0, F]
pi 3
bl 7 pi 3pi
A—/ cos(x) da;—/ cos(z) de = sin(z)|f — sin(x)]2
0 z 2
= (1-0)—(-1-1)

= 3

f(z) = sin(z) f(x) =z* +22% — 5% — 6z cos ()



